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a b s t r a c t
An account of the interpolation and the root-finding steps of
list decoding of one-point codes is given. The interpolation step
is reduced to the problem of finding the minimal element of
the Gröbner basis of a submodule of a free module over a
polynomial ring of one variable. The procedure for root-finding of
the interpolation polynomial going modulo a large degree place is
described from the tower point of view.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Towers of function fieldswhich attain the Drinfeld–Vlăduţ bound are interesting from the perspec-
tive of coding theory . In Garcia and Stichtenoth (1996) second explicit example of a tower of function
fields was given which attains the above bound. The Weierstraß semi-group of the infinite place is
known. Construction of the Riemann–Roch spaces L(uP (m)∞ )was dealt with in Shum et al. (2001).
Much work has been done on list decoding of one-point codes constructed on function fields.
List decoding algorithm for such one-point codes was given in Guruswami and Sudan (1999). The
algorithm is an interpolation and a root-finding strategy. A polynomial over the underlying function
field is found which ‘passes through’ the points (P1, y1), . . . , (P1, y1) with a multiplicity. Conditions
are imposed on the coefficients so that one such polynomial may be found and the sent message is
an element of the output list. The roots of the interpolation polynomial are known to be elements of
L(D) for a suitable divisor D. This data may be used to design efficient root-finding algorithms over
function fields. In Guruswami and Sudan (2001) the authors discuss a suitable representation of the
function field elements which aids in efficient list decoding.
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In Lee and O’Sullivan (2006) list decoding of Hermitian codes using Gröbner basis is discussed.
Here, we discuss how the various steps of list decoding of codes over Garcia–Stictenoth tower may
be performed. In O’Keeffe and Fitzpatrick (2002), an algorithm for recursive computation of Gröbner
basis is given. For a polynomial ring A, congruence of the form
H(k)(b) ≡ 0 modM(k), k = 1, . . . , p
where b ∈ Aq and M(k) are A-modules with functions H(h), k = 1, . . . , p are solved using a
recursive computation. The functions are such that the set of solutions forms a submodule of M .
The interpolation step of the list decoding algorithm may be reduced to such a problem, so that
this algorithm may be applied. The main observation is that the set of solutions that satisfy the zero
multiplicity condition forms a submodule of a free module over a polynomial ring of one variable. A
solution is found as the minimal element of a Gröbner basis with respect to a suitable term order.
The root-finding step may be reduced to solving a set of linear equations by going modulo a large
degree place. The large place is represented as a tuple of evaluations at the co-ordinate variables.
Then the reduced equation is solved over a large finite field and the roots are lifted to the roots of
the original polynomial. Places of large degree may be found for the tower by solving a system of
equations. Thus, the root-finding step is reduced to root-finding over finite fields and solving a system
of linear equations.
After recalling some basic facts about list decoding of one-point codes and about the tower, an
account of the interpolation and the root-finding steps of list decoding of one-point codes is given.
The interpolation step uses Gröbner basis. Algorithm of O’Keeffe and Fitzpatrick (2002) is used.
2. Preliminaries and notations
We fix the conventions and notations to be followed. Formore details and proofs, refer Stichtenoth
(1993). We restrict ourselves to algebraic function fields F of transcendence degree one over K . We
would be particularly interested in caseswhereK is a finite field of characteristic 2.We further assume
that K is relatively algebraically closed in F .
2.1. Garcia–Stichtenoth tower
Though the Garcia–Stichtenoth towermay be defined over any characteristic, wewill be interested
only in finite fields of characteristic 2. In Garcia and Stichtenoth (1996) a tower of function fields
attaining the Tsfasman–Vlăduţ–Zink bound making them special. It is defined as follows.
Definition 1. For Fq2 , the Garcia–Stichtenoth tower is given by
F1 =Fq2(x1)
Fm =Fm−1(xm) (1)
where,
xqm + xm =
xqm−1
xq−1m−1 + 1
, form > 1. (2)
For a description of the pole cancellation algorithm for finding an Fq2 basis for L(uP
(m)∞ ) refer Shum
et al. (2001). The algorithm outputs a basis for L(uP (m)∞ ) and its evaluation at code places.
2.2. Algebraic–geometric codes
We recall the definition of one-point algebraic–geometric codes on a function field. Basic reference
for this topic is the monograph (Stichtenoth, 1993).
Definition 2. Let F/Fq be a function field of genus g . Let P1, . . . , Pn be distinct places of degree 1, all
distinct from a distinguished place P∞. Let G = P1 + · · · + Pn and uP∞. Let
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CL(u,G) = {(f (P1), . . . , f (Pn)) | f ∈ L(uP∞)} ⊆ Fnq.
The code CL is known as a (One-point) Algebraic–Geometric(AG) code.
It is assumed that u < n and k = u − g + 1 is the dimension of the code. We recall from
Garcia and Stichtenoth (1996) that the ‘infinite place’(the common pole of all the variables) is totally
ramified throughout the tower. While constructing such codes on the function fields of the tower, the
distinguished place P∞ taken to be the ‘infinite’ place. The algorithm of Shum et al. (2001) may be
used to construct the code, by evaluating the elements of the basis functions at code places. We shall
assume henceforth that such is the case.
Let us assume henceforth that one-point codes are constructed over the mth function field of
the Garcia–Stichtenoth tower. The superscript m is suppressed to simplify the notations. The divisor
uP∞ where P∞ is assumed to be the common pole of x1, . . . , xm. The vector space L(uP∞) may be
constructed using the algorithm of Shum et al. (2001).
Let Ω = {ρ ∈ Fq | ρq + ρ = 0}. It is known that the places lying above the zero of x1 − θ
in F1, where θ ∈ Fq2 \ Ω split completely throughout the tower. Thus in Fm there are qm−1(q2 − q)
places lying above such a place. These places are called code places. One-point codes are obtained by
evaluating functions from L(uP∞) at these places, hence the name. Let P1, . . . , Pn be some of the code
places of Fm.
2.3. Gröbner basis for modules
In this section we recall very few preliminaries about Gröbner basis of modules. Let A = k[x] =
k[x1, . . . , kxn ]. Amonomial order on A is a total order> on the set of monomials {xα | α ∈ Nn0}which
is multiplicative:
xα > xβ ⇒ xαxγ > xβxγ .
With respect to γ , we say that axα > bxβ if xα > xβ . Thus f ∈ k[x] may be written as a linear
combination of terms which are ordered according to >. The largest term of f with respect to > is
called leading term (denoted lt(f )) and the largest monomial of f with respect to > is called leading
monomial (denoted lm(f )).
Let M be a free A-module with basis {e1, . . . , es}. Elements of the form xαei are called monomials
and axαei are called terms. Monomials orders on terms ofM may be defined similarly with
xαei > xβei ⇐⇒ xαej > xβej,
for all i, j. The monomial xαei is said to divide xβej if xα divides xβ in A.
Definition 3. A set of non-zero elements {g1, . . . , gr} contained in a submodule N ofM is said to be a
Gröbner basis of N if for allm ∈ N , there exists a gi such that lt(gi) divides lt(f ), where 1 ≤ i ≤ r .
Any Gröbner basis is actually a basis of N . Each m ∈ N has a standard expression with respect to a
Gröbner basis asm =∑ri=1 figi, where fi ∈ A and lt(figi) ≤ lt(m), for 1 ≤ i ≤ r .
3. Interpolation step of list decoding
We give a module formulation of the interpolation step along the lines of O’Keeffe and Fitzpatrick
(2002). The solution polynomial of the interpolation step is seen as an element of a suitable free
module. The dimension and the order conditions in the list decoding algorithm studied in earlier
section is translated into conditions on terms of a suitable module. The techniques of O’Keeffe and
Fitzpatrick (2002) are used to determine such a solution.
Let L := l − g + 1. Let A = Fq2 [T ] and M a free module AL with basis {e1, . . . , eL}. Recall that the
interpolation polynomial is of the form
Q (T ) =
s∑
b=0
l−g+1−ub∑
j=1
qb,jΦjT b. (3)
Want Q (T ) 6= 0 such that β(f )b,w = 0 forw ≥ 1, b ≥ 0 and b+ w − 1 < r .
1660 M. Prem Laxman Das, K. Sikdar / Journal of Symbolic Computation 44 (2009) 1657–1661
The maps Φi 7→ ei and for a fixed f , ψ (f )i 7→ ei are module maps. Let H(f ) : M → M be the map
which identifies Q with Q (f )(Pf , T ) using the earlier maps. Then the map H(f ) is Fq2 linear and the
structure of Q and Q (f ) implies that H(f )(Tv) = (T + yf )H(f )(v) for v ∈ M . We need to find elements
v ∈ M where for each f the following conditions are satisfied:
(1) (Degree criterion.) Terms T bew satisfy ub+ (w−1) < L. This is just a restatement of the condition
that the coefficients of the interpolation polynomial come from a suitable L-space.
(2) (Zero multiplicity criterion.) Co-efficients of H(f )(v) are zero for terms T bew with b+ (w−1) < r .
InO’Keeffe and Fitzpatrick (2002), an algorithm for recursive computation of Gröbner basis is given.
Congruences of the form
H(k)(b) ≡ 0 modM(k), k = 1, . . . , p
where b ∈ Aq andM(k) are A-modules with functions H(k), k = 1, . . . , p are solved using a recursive
computation. The functions are such that the set of solutions forms a submodule of M . We mention
how the algorithm may be used to solve the problem on hand.
A term order<δ,ρ of the submodule for ρ = (ρ1, . . . , ρL) ∈ NL and δ ≥ 1 ∈ N is defined such that
T nej <δ,ρ Tmei
if δn+ ρj < δm+ ρi or δn+ ρj = δm+ ρi and i < j.
Now, consider the set of solutions satisfying only the zero multiplicity condition. This set forms a
submodule of M . The parameters are so chosen that v ∈ M exist satisfying both the degree and the
zero multiplicity conditions. Thus, a minimal element with respect to <δ,ρ is a solution. We have n
maps H(1), . . . ,H(n). Consider
〈{T bew | b+ (w − 1) = r}〉
a submodule of M . A sequence of modules decreasing from M to 〈{T bew | b + (w − 1) = r}〉 are
created to apply the algorithm of O’Keeffe and Fitzpatrick (2002) may be applied.
Thus the problem of interpolation in list decoding algorithm is reduced to the problem of finding
a Gröbner basis for a free module over a polynomial ring of one variable.
4. Performing the root-finding step of list decoding
Here we concentrate on the root-finding step of the list decoding algorithm. The zeroes of the
interpolation polynomial are known to be elements of L(D) for a suitable D. This data may be used
to design efficient root-finding algorithms over function fields. In Guruswami and Sudan (2001), the
root-finding step involves computation of a non-uniform input, which is an evaluation of the basis
elements at a large degree place. Hence, the non-uniform input is independent of the received word.
We recall the discussion on the root-finding step of list decoding algorithm for one-point codes from
Guruswami and Sudan (2001). This step uses a supplementary non-uniform input dependent only on
the divisors involved in the code construction. The non-uniform input is described below:
Non-Uniform Input: A place R in P(F) of degree r greater than degD. This place is represented as an l-
tuple (ζ R1 , . . . , ζ
R
l ) overFqr , where the tuple is obtained by evaluating an increasing basis (Φ1, . . . ,Φl)
of L(D) at R.
Remark 4. The following discussion is as in Guruswami and Patthak (2008). Let us consider the
question of finding the tuple (x1(R), . . . , xm(R)) for a large degree place R. For the Garcia–Stichtenoth
tower, a simple counting argument shows that there exist places of large degree of Fm lying above a
place of same degree of F1 for suitablem. But a place R of degree d is given by an irreducible polynomial
f over Fq2 . An isomorphism is set between FR and Fq2 [T ]/(f (T )), where FR is the residue class field of
the place R. Let x1 map to α1 under this isomorphism. Let γ2 = αq1/(1+ αq−11 ). A place of degree d of
Fm lies above R if and only if
xq2 + x2 − γ2 = 0, xq3 + x3 −
xq2
1+ xq−12
= 0, . . . , xqm + xm −
xqm−1
1+ xq−1m−1
= 0 (4)
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has a solution, by Kummer theorem (see Stichtenoth (1993)). In fact, a solution to this system is the
required tuple.
We are now ready to consider the root-finding step of list decoding.
Theorem 5. Root-finding step over function fields may be reduced to solving some systems of linear
equations over Fq2 .
Proof. Let R be a high degree place not in the support of the principal divisors of the co-ordinate
variables. Each of the quasi-regular functions is a unit for such a place. Hence these may be easily
evaluated at R provided (x1(R), . . . , xm(R)) is known. Then by the form of the quasi-regular functions
of Shum et al. (2001), the evaluations of the basis functions of L(D) at R may be obtained. In fact,
the algorithm of Shum et al. (2001) computes this. Thus, the root-finding step may be efficiently
implemented given the tuple of evaluations (x1(R), . . . , xm(R)) at a high degree place R. Thus the
coefficients of the reduced polynomial Q1(T ) may be found. Zeroes of this reduced polynomial over
the underlying finite field is computed and a system of equations may be set up as in Guruswami
and Sudan (2001). Those roots h of Q which satisfy h(Pi) = yi for at least t values of i ∈ {1, . . . , n}
are includes in the output list. Thus the algorithm gives as output a list of size utmost s. Hence the
theorem. 
This gives a description of list decoding of codes on Garcia–Stichtenoth tower. The interpolation
step uses results from O’Keeffe and Fitzpatrick (2002).
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